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Generalized Strong
Intuitionstic Fuzzy Hypergraph

T.K. SAMANTA* AND SUMIT MOHINTA

ABSTRACT. In this paper, we have generalized the concept of intu-
itionistic fuzzy hypergraph, strong intuitionistic fuzzy hypergraph by
considering intuitionistic fuzzy vertex instead of crisp vertex set and
interrelations between intuitionistic fuzzy vertices and family of intu-
itionistic fuzzy edges. A few properties of such graphs are established
here.

1. INTRODUCTION

In 1736, Euler first introduced the concept of graph theory. The theory
of graph is an extremely useful tool for solving combinatorial problems in
different areas such as geometry, algebra, number theory, topology, operation
research, optimization and computer science.

In 1965, Zadeh [6] published his seminal paper on “Fuzzy sets” which
described fuzzy set theory and consequently fuzzy logic. The fuzzy sets give
the degree of membership of an element in a given set.

In 1986, Atanassov [4] introduced the concept of intuitionistic fuzzy sets
as a generalization of fuzzy sets. In the definition of intuitionistic fuzzy set,
Atanassov added a new component, which determines the degree of non-
membership of an element in a given set. Intuitionistic fuzzy sets have been
applied in a wide variety of fields including computer science, engineering,
mathematics, medicine, chemistry, economics etc. [5, 9].

In 1975, Rosenfeld [2] introduced the concept of fuzzy graphs. The fuzzy
relations between fuzzy sets were also considered by Rosenfeld and developed
the structure of fuzzy graphs, obtaining analogs of several graph theoretical
concepts. Atanassov [5] introduced the concept of intuitionistic fuzzy rela-
tions and intuitionistic fuzzy graphs. Strong intuitionistic fuzzy graphs is
introduced in [7].

The hypergraphs was introduced by Berge [3] and has been considering as
a useful tool to analyze the structure of a system. The notion of hypergraphs
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has been extended in the fuzzy theory and concept of fuzzy hypergraphs was
provided by Kaufmann [1].

Lots of works on fuzzy hypergraph [8, 9] have been carried out and all of
them have considered the vertex set as a crisp set. In fact, in the definition
of fuzzy graph, both the concepts of vertex and edges are fuzzy and there is
an interrelation between the fuzzy vertex and fuzzy edges. In this paper, we
have generalized the concept of intuitionistic fuzzy hypergraph by consider-
ing intuitionistic fuzzy vertex instead of crisp vertex set and an interrelation
between intuitionistic fuzzy vertex and family of intuitionistic fuzzy edges.
Generalized intuitionistic fuzzy hypergraph, strong intuitionistic fuzzy hy-
pergraph and a few operations on them are defined here. Also some of their
properties are studied.

2. PRELIMINARIES

Definition 2.1. An intuitionistic fuzzy set (in short form IFS) A in X is
defined as an object of the form A = {(z, pa(x), va(x)) : © € X} where
the functions py @ X — [0, 1] and v4 : X — [0, 1] define the degree of
membership and the degree of non- membership of the element z € X
respectively.

Definition 2.2. The support of an IF'S A, denoted by Supp(A), is defined
as Supp(A) = {z : pa(z) >0, va(x) > 0}.

Definition 2.3. [10] The intuitionistic fuzzy hypergraphs (IFGH) is an
ordered pair H = (V, E'), where

(1) V ={zx1,22,...,2,} is a finite set of vertices;
(i) E = {E1, E,...,E,} is a family of intuitionistic fuzzy subsets of
Vi

(ZZZ) Ej = {(xi,uj(:vi),uj(xi)) : Mj(xi) + I/j(l‘i) < 1} for all 7 = 1,2,...,n
and j =1,2,...,m;
(iv) Bj #¢, j=1,2,...,m;
(v) U; Supp(Ej) =V,j=1,2,...,m.
Here, the edges E; are IFS of vertices, u;(z;) and vj(x;) denote the

degree of membership and non-membership of vertex x; corresponding to
the edge Ej.

3. GENERALIZED STRONG INTUITIONISTIC FUZZY HYPERGRAPH

We now introduce the definition of Generalized intuitionistic fuzzy hyper-
graphs.

Definition 3.1. The Generalized intuitionistic fuzzy hypergraph
(GIFHG) is an ordered pair H = (V, E) where

(1) V. ={x1,29,...,2,} is a finite set of vertices;
1) p,o:V — mtuitionistic fuzzy vertices);
i) p v 0, 1] (intuitionistic fuzzy . ’
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(1ii1) E = {E1,FEa,...,Ep} is a family of intuitionistic fuzzy subsets of
V;
(iv) Ej = {(xia:uj(xi)?l/j(xi)) N R [07 1]} with
m m
\/ (i) < p(i), /\ vi(z:) > p(x;)
j=1 j=1

foralli=1,2,...,nand j =1,2,...,m;
(v) Ej#¢,j=1,2,...,m;
(vi) Uj Supp(E;) =V,j=1,2,...,m.
Here E = {E1,E»,...
given by the Table 1.

,E,,} can be expressed by the following matrix

TABLE 1. Incidence Matrix M.

H

Eq

Es

En |

I

Z2

Tn

(k1 (21), w1 (21))
(k1 (22), vi(22))

(n2(z1), va(z1))
(12(z2), va(z2))

(Mm(wl)ﬂ/m(xl))

(Mm(xn)7 Vm (wn»

The matrix given by the Table 1 is called incidence matrix correspond-
ing to the GIFHG H and it will be denoted by M.

Example 3.2. Consider H = (V, E) where V = {z1,22,23,24} and E =

., Eg}. Here p,o : V. — [0, 1] defined by p(x1) = .7, p(z2) = .82,

p(x3) = .65, p(z4) = .8 and o(x1) = .1, o(x2) = .09, o(x3) =0, o(x4) = .1.
The corresponding incidence matrix M is given by Table 2.

{E, Ea, ..

TABLE 2. Incidence Matrix corresponding to example (3.2).

’MH H Ey Ey E3 Ey Es Eg ‘
o | (2,4) (0,2) (6,4) (3,5) (1,.3) (1,.2)
zo | (1,.6) (5,4) (7,.1) (6,2) (8.1) (4,.1)
23 || (2,.8) (.6,.3) (3,.4) (1,.1) (.6,.0) (.5,.1)
ze | (0,3) (3,.2) (2,.6) (4,.2) (.3,.5) (.7,.3)

Here it is easy to see that H = (V, E) is a GIFHG.

Definition 3.3. A generalized intuitionistic fuzzy hypergraph H = (V, E)is
called generalized strong intuitionistic fuzzy hypergraph (GSIFHG)
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if
\/ wj(xi) = p(z;) and )\ vi(zi) = p(x:)
j=1 Jj=1

foralli=1,2,...,n.

Example 3.4. Consider H = (V, E) where V = {x1,z9, 23,24} and F =
{E1, Es,...,Es}. Here p,o : V — [0,1] given by p(z1) = .5, p(x2) = .6,
p(xz) =0 and o(z1) = .3, o(x2) = .2, o(x3) = .46.

The corresponding incidence matrix My is given by Table 3.

TABLE 3. Incidence Matrix corresponding to example (3.4).

My B B E; E4 B |
21 | (3,.4) (5,.51) (31,.3) (4,.7) (.39,.63)
zo || (0,.51) (.15,.6) (.22,.5) (.4,.54) (.6,.2)
x5 || (0,.63) (0,.5) (0,.47) (0,.46) (0,.49)

It is easy to verify that H is strong generalized intuitionistic fuzzy hyper-
graph.

Definition 3.5. Let G = (V, E) be a generalized intuitionistic fuzzy hy-
pergraph, where p,o : V. — [0,1] and E = {(uj,v;) : V = [0,1] : j =
1,2,...,m}. Again, let H = (V,E’) where, p/;0’ : V — [0,1] and E' =
{5, v5) V= [0,1]: j =1,2,...,m}.

Now H is called sub graph of G if

and

A GIFHG H = (V, F’) is said to be a spanning intuitionistic fuzzy sub
hypergraph of G = (V, E) if p/(x;) = p(x;) and o' (x;) = o(z).

(
such that V = {z1,22}. Here, p,o:V — [0,1], p/,0’ : V — [0,1] , p", 0" :
V — [0, 1] are defined by p(z1) = .5, p(z2) = .1 and o(z1) = A
pl(r1) = 4, p/(zg) = .05 and o'(x1) = .35, o'(x2) = .5; p'(x1) = .
p"(x2) = .1 and 0" (x1) = .3, 0" (22) = 4.

The corresponding incidence matrices Mg , My and Mg are described by
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Mo B B | My B B
|| ((1,.3)  (4,.2) ry | (.09,.4) (.3,.3)
zo || (.06,.7) (.0,.25) zo || (.03,.71) (.0,.4)

M| B B

T | (.2,.11) (.35,.15)

zy | (.03,.6) (.05,.48)

Here both H and S are generalize intuitionistic fuzzy sub hypergraph but
S is spanning intuitionistic fuzzy sub hypergraph.

Definition 3.7. Let G = (V| E) be a generalized strong intuitionistic fuzzy
hypergraph (GSIFHG) , where p,o : V — [0,1] and E = {(u;,v;) : V —
[0,1]: 5 =1,2,...,m}. Again, let H = (V, E’) where, p',0’ : V — [0, 1] and
B ={(yj,v;): V= [0,1]: j=1,2,...,m}.

Now H is called generalized strong intuitionistic fuzzy sub hyper-
graph of G if

\ w(w) =\ (i), p'(2) = p()
J=1 j=1

and
/\ vj(wi) = /\ vi(zi), o (x;) =o(x;).
J=1 j=1

A generalized strong intuitionistic fuzzy sub hypergraph H = (V,E’)
is said to be a generalized strong spanning intuitionistic fuzzy sub
hypergraph of G = (V, E) if p/(z;) = p(x;) and o'(z;) = o(x;).

Example 3.8. Consider GIFHGs G = (V,E) and H = (V, E’), S = (V, E")
such that V' = {z1,22}. Here, p,oc : V — [0,1], p/,0’ : V — [0,1] ,
p", 0" V. —[0,1] are defined by p(x1) = .5, p(x2) = .29 and o(x1) = .35,
o(ze) = 42; p'(x1) = .5, p/(z2) = 29 and o'(z1) = .35, o(z2) = .42;
p"(z1) = .5, p'(x2) = .29 and o (z1) = .35, 0" (x2) = .42.

The corresponding incidence matrix Mg , My and Mg are follows:

M| Ey B | (Mgl B By |
z1 | (.31,.8)  (.5,.35) 1 || (5,.4)  (.3,.35)
zo | (.06,.7) (.29,.42) zo || (.29,.42) (.0,.44)

(Ms | B By |

z1 || (.5,.35)  (.35,.5)

zo || (.03,.42) (.29,.48)
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It is easy to verify that H is a generalized strong intuitionistic fuzzy sub
hypergraph of G and S is a generalized strong spanning intuitionistic fuzzy
sub hypergraph of G.

Definition 3.9. Consider two generalized strong intuitionistic fuzzy hy-

pergraphs H; = (Vi, E1) and Hy = (Va, E2) where Vi = {z1,29,...,2,},
VZ - {y17y27"'7ym}7 P1,01 VYl — [071]7 pP2,02 : Vé — [071] and El -
{11, v11), (az,vi2)s - o5 (ks vik) 5 B2 = {(p21, v21),

(22, v22)5 - - oy (B2py V2p) by p1is i = Vi — [0, 1] poj,ve5 + Vo — [0, 1] for all
1=1,2,...,kand 7 =1,2,...,p

The Cartesian product Hy x Hy of Hy and Hs is defined as a pair (V7 X
Va, E1 X E3) where
(Z) (pl X P2)< ) = p1($> 2 )

(o1 x 02)(,y) = 01(2) V 02(y)
(11i X p2j)(z,y) = pri(x) A po;(y)
(i) (

V1 X VQJ)(Z'yy) = Vlz(x> \% VQJ(y)

for all z € V; and y € Va;

forallz € Vi, y € Vo,
i=1,2,...,k and
J=L2,....p

Remark 3.10. If both H; and Hy are not strong then H; x Hy may or may
not be strong, which is verified by the following example.

Example 3.11. Consider Hy = (V1, E1) and Hy = (Va, E3) where V} =
{vi,v5}, By = {E}, EL} and Vo = {v}, 0]} , By = {E],E)}. Here p1,07 :

Vi = [0,1] , p2,02 : Vo — [0,1] are defined by p1(v}) = .3, p1(v3) = .5,
o1(v]) = 2, a1(vh) = A and pa(v}) = A5, pa(ef) = 95 , oa(u]) = .15,
o2(vh) = .5. The corresponding incidence matrices My, , My, are given by
Mu | B B | (M| B B
v | (25,.2) (.3,.41) o || (45,.3) (41,.6)
vh (.5,.4) (.39,.6) oy |l (.8,.5)  (.0,.5)

Here H; is generalized strong intuitionistic fuzzy hypergraph and H; is
generalized intuitionistic fuzzy hypergraph. Let H =

1,1 /
p = p1 X p2, 0 =01 X o0z and vv ]:(vi,

p(vivy) = .3, p(
o(vjvlh) = .5, o(vhvy) = 4, o(vhvl) =

p(viv]) = .3,

!0

(‘/1 X VQ,El X Eg),

The corresponding incidence matrix My is as follows:

My || By x BV | By x By | By < BV | By < EY |

ot | (:25,.2) | (25,.2)
vivh || (.25,.5) | (.0,.5)
ot || (45,.4) | (A1,.6)
vhoy | (L5,.5) | (.0,.5)

(.3,.41) | (.3,.6)
(:3,.5) | (.0,.5)
(.39,.6) | (.39,.6)
(.39,.6) | (.0,.6)

Here it is easy to see that H is a GSIFHG.

vy) for all 4,5 = 1,2. Then
vh) = 45, p(vhvl) = .5 and J(viv’l’) 2,
.D.
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Again, consider Hy = (V4, E1) and Hy = (Va, Eg) where Vi = {v], v}},
Er = {E], By} and Vo = {vf, vy}, Bs = {EY, Ey}. Here p1,01: Vi — [0, 1],
p2,09 : Vo — [0,1] are defined by p1(v]) = .34, p1(vh) = .43, o1(v]) = .02,
o1(vh) = .43 and pa(v)) = 4, pa(vl) = .33, o2(v]) = .1, oo(vY) = .30.

The corresponding incidence matrices My, , My, are given by

M | B By | [Me | B By
o | (34,.2) (3,.02) o | (35,.3) (21,.6)
vy | (.35,.43) (43,.2) o | (:33,.5)  (2,.5)
Here both Hy and H; are GSIFHG. Let H = (Vi xVa, E1 X Es), p = p1Xp2,
o = o1 x 02 and vjv] = (vj,v]) for all i,5 = 1,2. Then p(vivy) = .34,

p(vivy) = .33, p(vhvy) = 4, p(vhvy) = .33 and o(v)v)) = .1, o(vivy) = .29,
o(vhvy) = .43, o(vhrhy) = .39.
The corresponding incidence matrix My is as follows:
My || By x BV By x By | By x B | By < By
viof || (2,.25) | (.25,.2) | (.23,.4) | (.3,.2)
vivg || (.25,.3) | (1,.5) (.3,.6) | (.32,.5)
vhol ]| (.3,.46) | (.14,.6) | (.39,.5) | (.35,.58)
vhol || (.3,.45) | (.02,.4) | (.17,.66) | (.29,.6)
Here it is easy to see that H is a GIFHG but not a GSIFHG.

Proposition 3.12. If H; and Hy are generalized intuitionistic fuzzy hyper-
graphs, then Hi1 x Hoy is a generalized intuitionistic fuzzy hypergraphs.

Proof. Let Hy = (V1, E1) and Hy = (Va, E3) be two GIFHGs, where
‘/1:{.%'1,1'2,...,1‘”}, ,01,01:V1—>[0,1],
‘/2:{917?J2a---,ym}7 pP2,02 :V2_> [07 1]

and
Er = {(p11,v11), (p12, v12), - - o5 (ks vik) by pas v Vi — [0, 1]
Ey = {(p21,v21), (22, v22), - - (12p, vop) b, pi2j,v25 + V2 — [0, 1]
foralli=1,2,...,kand j=1,2,...,p.
Then Hy x Hy = (Vi x Vo, Ey, E9), where Fy X Es = {((u11 X p21), (v11 X

VQl))’ R ((:ull X MQP)v (Vll X VQP))? SRR ((Mlk X M2p)7 (Vlk X VQP))}v H1q X 2
and v1; X vp; are defined by the condition (i) of the Definition 3.9. We see

that

k
k .

\ pe (@) < pr(a2), A vir(@i) 2 o1(zi), Vi=1,2,....n

r=1 n

p

p .
\ mas(yj) < pa(y)); N ves(ys) 2 oa(y), J=1,2,....m.
s=1
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By the condition (ii) of the Definition 3.9, we have

(p1r X p2s) (@i, y5) = par (i) A pas(yy), Vi, j,
(v1r X vas) (i, y5) = vip(m5) V vas(yy), Vi, j.
This implies that

p k Pk
\/ \/ H1r X MQS xz,yg \/ \/ Nlr xz MQS(yJ))

k p
= (\/(/147' T ) (\/ H2s y_y ) S pl(l‘l) Ap?(yj)
s=1

= (,01 X p2)(xlayj)> Vivja

ie.,

V V(i x o) (@i ys) < (p1 % po)(wisy), Vi,
s=1r=1
Similarly we have,
S/\l /_\ (V1r X vog) (4, y5) = (01 X 02)(x4,y5), Vi, J.
This completes the proof. O

Proposition 3.13. If Hy and Hs are the strong intuitionistic fuzzy hyper-
graphs, then Hy x Hoy is a strong intuitionistic fuzzy hypergraph.

Proof. Proof is same as that of the Proposition 3.12. O

Proposition 3.14. If Hy x Hy is GSIFHG then at least Hy or Hs must be
strong.

Proof. Let Hy = (V1, Ey) and Hy = (Va, E3) be two GIFHGs, where V; =
{z1, 20, znd, Vo = {y1, 02, .- Ym}, prio1 2 Vi = [0,1], p2,00 0 Vo —
0,1] and E1 = {(p11,v11)s (12, v12)s - - -5 (ks i)}, B2 = {(p21,v21),
(n22,v22), ., (H2p, v2p) }, paisvii = Vi — [0,1]; poj,v05 + Vo — [0,1] for
alli=1,2,...,kand j=1,2,...,p.

Then H1 X H2 = (‘/1 X Vg,El,EQ), where E1 X E2 = {((/LH X ,uzl), (1/11 X
v21))s -+ (11 X p2p), (V11 X vap)), -+, (g X pop), (V1k X vop))}s pi1i X p2;
and vq; X vy are defined by the condition (ii) of the Definition 3.9.

We suppose that Hy x Hy is GSIFHG but both H; and Hs are not strong.
Then from the condition (iv) of the Definition 3.1, we have

k p
\ (i) < pr(as),  \/ pas(yy) < palyy),
r=1 s=1
k P
A vir(xi) > o1(x;), s vas(yj) > o2(y;),

foralli=1,2,...,nand j=1,2,...,m
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Again, by by the condition (i7) of the Definition 3.9, we get,

(pr X pos) (@i, yj) = par(@i) A pos(y;), Vi, 4,
(V1r X vas) (24, y5) = vir(z) V vas(y;), Vi, J.

This implies that

p k P k
\/ \/ Hir X /,625 xz,y] \/ \/ ,Uflr xz MQS(y]))
s=1r=1 r=1

k P
= (\/(#17"(1'1 ) <\/ H2s yJ ) < pr(x;) /\Pz(yj)
r=1 s=1

= ()01 X P2)($i,yj), Vivj

ie.,

p k
\V \/ (e X p2s) (@i, y5) < (p1 % p2)(@i,y;5), Vi, J.
s=1r=1

Similarly we have,

k . .
A A (v x vas) (i, yj) > (01 X 02)(wi, y5), Vi, j.

s=1r=1

That is, H; x Hs is not a GSIFHG, a contradiction. Hence at least one

of Hy, Hy must be strong.

g

Definition 3.15. Let Hy = (V4,E1) and Hy = (Va, E2) be two GIFHGs,

where Vi = {x1,29,...,20}, Vo = {y1,92,...,Ym}, p1,01 : Vi —

[07 1]7

p2,02 : Vo = [0,1] and Ey = {(p11,v11), (p12,v12), - - -, (i, vik) }, B2 =

{(pa1,v21), (p22,v22), . . ., (H2p, v2p) }, pai,vii = Vi — [0 1] H2j,V2j -
[0,1] foralli=1,2,...,kand j =1,2,...,p.

The union HiUHy = (V1UVa, EyUE») of Hy and Hy is defined as follows:

(p1Up2)(x) =p1(z) if z € V1 and = ¢ V3,
(p1Up2)(x) = pa(x) if . € Vo and = ¢ V4,
(p1 U p2)(x) = max(p1(x), p2(z)) if 2 € V1 N Va;
(01 Uog)(z) =o1(x) if x € V] and x ¢ Vo,
(c1U02)(z) =02(x) if x € Vo and = ¢ V1,
(01 Uog)(z) = min(oy(z),02(x)) if x € V1 N Vy;
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wii(x) if . € Vi and = ¢ Vs,
poj(x) if z € Vo and o ¢ Vi,
max (i1 (), p2j(z)) if @ € Vi N Va;

(13 U poj) (z
(p1i U pj) (2
(p1s U poj) (2

(

(

(

T

1i(z) if z € Vi and = ¢ V3,
2j(z) if . € Vo and x ¢ V1,
in(vyi(z), re(x)) if x € V1 N Va.

NS

(Vli @] vo; (@

)
)(x)

)(x)

(11; Urgg) ()
)(x)

)(x)

(Vli @] vo; (@

I
8

Example 3.16. Consider the generalized intuitionistic fuzzy hypergraphs
G = (Vg,Eg) and S = (Vs, Eg) where Vg = {z1,22}, Eq = {E1, E2} and
Vs = {v1,x2}, Eg = {E}, E4}. Here p1,01: Vg — [0,1], p2,02 : Vg — [0,1]
given by p1(z1) = .5, p1(z2) = .1, o1(x1) = .2, o1(x2) = .23 and pa(v1) =
.39, pQ(.CL‘Q) = .32, (72(’1)1) = .02, UQ({EQ) =.29.

The corresponding incidence matrices Mg and Mg are given by

Me| BB s B B
x| (5,.3)  (.2,.2) and | 4 | (L09,.4) (.3,.1)
zo | (.02,.22) (.1,.23) zo || (.25,.3) (.32,.2)

Here we see that both G and S are generalized intuitionistic fuzzy hy-
pergraphs. Let p = p1 Upg, 0 = 01 Uog, Ef = By UE], Ef = E; UE),
E! =E,UE], Ef = E; UE).

Then we have p(x1) = .5, p(z2) = .32, p(v1) = .39, o(x1) = .2, o(x2) =
.23, U(Ul) = .02.

The corresponding incidence matrix Mgyg is given by

| Mcus | EY EY EY Bl |
oo | (5,3 (5.3 (2,2 (2.2)
za | (25,22) (32,.2) (.25,.23) (32,.2)
o | (09,4)  (3,1)  (09,.4) (3,.1)

It is easy to verify that Mgyg is a generalized intuitionistic fuzzy hyper-
graph but not strong.

Proposition 3.17. If Hy and Hy are generalized intuitionistic fuzzy hyper-
graphs, then Hy U Hy is a generalized intuitionistic fuzzy hypergraph.

Conclusion 3.18. In this paper, the concept of intuitionistic fuzzy hyper
graph has been generalized by considering intuitionistic fuzzy vertex instead
of crisp vertex set and also considering interrelation between intuitionistic
fuzzy vertex and family of intuitionistic fuzzy edges. Further one can use this
concept to analyze the structure of a system and to represent a partition,
covering and clustering.
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